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Abstract
We consider a differential-difference operator ,,  − 12 ,  = − 12 on ] − 2 , 2 [. The eigenfunction of
this operator equal to 1 at zero is related to the Jacobi polynomials and to their derivatives. We give a Laplace
integral representation for this function called the Jacobi–Dunkl polynomial. Next we study the harmonic analysis
associated with the operator ,.
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1. Introduction
In this paper we consider the differential-difference operator , on ] − 2 , 2 [, given by
,f ()= ddf ()+
A′,()
A,()
f ()− f (−)
2
,
where A,()= 22(sin ||)2+1(cos )2+1, >− 12 ,  ∈ R, = + + 1. The operator ,− 12 is the
Opdam operator corresponding to the root system A1 (see [7]). It is also the analogue on ] − 2 , 2 [ of the
Jacobi–Dunkl operator on R (see [1,9]). If f is an even C∞-function on ] − 2 , 2 [ then 2,f = ,f ,
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As the operator , is the Jacobi operator, we call , the Jacobi–Dunkl operator. In this work we
deal, in the second section, with the Jacobi polynomial R(,)m , m ∈ N, normalized by R(,)m (1)= 1. For
 − 12 ,  = −12 , we give, by using a transform which transmute D2 into D2 + 2, where D is the













with K(,) a function for which we give an explicit formula. Then we deﬁne and study an Abel
transform A and its dual tA associated with this kernel.
Next, we show that there is a unique solution 	(,)n , called the Jacobi–Dunkl polynomial, of the
differential-difference equation{
,u=−i
nu, n ∈ Z,
u(0)= 1,
where 
n = 2sgn(n)√|n|(|n| + ). This solution is a trigonometric polynomial of degree |n| and admits














We give, at the end of this section, an explicit form of K(,).
Using another approach, Rösler has deﬁned in [10] the 	(,)−n ’s and proved that they form an orthogonal
basis of the space of measurable functions g on ] − 2 , 2 [ such that∫ /2
−/2
|g()|2A,() d<+∞.
In the last section, we deﬁne and study the Jacobi–Dunkl transformF and we give for this transform an
inversion formula, a Plancherel formula and a Paley–Wiener theorem.
A convolution structure on Z associated with the Jacobi–Dunkl polynomials 	(,)−n has been studied by
Rösler in [10].
In the sequel of the paper we suppose that − 12 ,  = −12 (then > 0) andD is the ﬁrst derivative.
2. Laplace integral representation of the Jacobi–Dunkl polynomials (,)n
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where
A,()= 22(sin )2+1(cos )2+1, = + + 1. (2.2)









, R(,)m (cos (2))=2F1(−m,m+ ; + 1; (sin )2), (2.3)
where 2F1 is the Gauss hypergeometric function (see [11]).
For each m ∈ N, the function R(,)m (cos(2 .)) is the unique even C∞-solution on ] − 2 , 2 [ of the
differential equation{
,u=−4m(m+ )u,
u(0)= 1, u′(0)= 0. (2.4)
Koornwinder has proved in [8, Remark 7], that this function has the following Laplace integral represen-
tation:





















− ; + 1
2




where 1]−,[ is the characteristic function of the interval ] − , [.
This kernel can also be written in the following forms (see [8, Remark 7; 3]):
(i) If > >− 12
K0(,)= 2
−2+3/2(+ 1)√





sin t (cos(2t)− cos(2))−1/2(cos− cos t)−−1 dt
)
1]−,[(). (2.7)









(sin )−2(cos − cos)−1/21]−,[(). (2.9)
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2.1. The transforms Ei, tEi and tE˜i
Notations. We denote by
• E∗(]− 2 , 2 [) the space of evenC∞-functions on ]− 2 , 2 [.We provide it with the topology of compact
convergence of all derivatives.
E0(] − 2 , 2 [) = 1]−0,0[E∗(] − 2 , 2 [), 0 ∈]0, 2 [, where 1]−0,0[ is the characteristic function of
the interval ] − 0, 0[. We provide it with the topology of compact convergence of all derivatives.
D∗,a(] − 2 , 2 [), a ∈]0, 2 [, the space of even C∞-functions on ] − 2 , 2 [ supported in [−a, a]. We
equip it with the topology of uniform convergence of all derivatives.




















endowed with the inductive limit topology.



















where I0 is the modiﬁed Bessel function of ﬁrst kind and index zero.
Thyssen has proved in [12] that the transformEi is the unique automorphismofE∗(]− 2 , 2 [) satisfying
the transmutation relation{
D2Ei = Ei(D2 + 2),
Eif (0)= f (0). (2.11)
Its inverse operator E−1i is given by








2 − y2)] dy, (2.12)
where J0 is the Bessel function of ﬁrst kind and index zero.







= Ei(cos((2m+ ) .)). (2.13)
Deﬁnition 2.2. We deﬁne the transform tEi (resp. tE˜i) on D∗(] − 2 , 2 [) (resp. E0(] − 2 , 2 [)) by
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Theorem2.3. (i)The transform tEi (resp. tE˜i) is an automorphismofD∗(]− 2 , 2 [) (resp.E0(]− 2 , 2 [))
which satisﬁes the transmutation relation
tEi (resp. tE˜i) D2 = (D2 + 2)tEi (resp. tE˜i). (2.15)




























f ()tEi (resp. tE˜i) g() d. (2.17)
Proof. We obtain the result using the same proof as for [1] Theorems 2.1, 2.2 and Remark 2.1. 
2.2. A new Laplace integral representation of R(,)m (cos (2 .))


















K(,)= tE˜−1i (K0(, .))(), (2.19)
where K0(,) is the kernel given by (2.6) and tE˜−1i is the transform given by (2.16).
Proof. We get the results from relations (2.5), (2.13) and (2.17).
From relations (2.19), (2.16) and the expressions of K0 we deduce that the kernel K possesses the
expressions given by the following proposition.
Proposition 2.5. For all  ∈]0, 2 [ and ||< , we have













− ; + 1
2












− ; + 1
2
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(ii) If > >− 12
K(,)= 2
−2+3/2(+ 1)√

















































2 − 2). (2.23)
2.3. An Abel transform associated with the kernelK(,) and its dual
The classical Abel transformA (resp. the dualAbel transform tA) associated with the kernelK0(,)
is a topological automorphism of D∗(] − 2 , 2 [) (resp. E∗(] − 2 , 2 [)) and transmuteD2 into (,− 2).
For the proofs of the following results we can see [1], Section 2.5.
Deﬁnition 2.6. The Abel transform associated with the kernel K(,) is the operator A deﬁned on











whereK(,) is the kernel given by (2.19).
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Deﬁnition 2.8. The dual of A is the transform tA deﬁned on E∗(] − 2 , 2 [) by
tAf ()=
{∫ 
0 K(,)f () d if  ∈]0, 2 [,
f (0) if = 0. (2.26)










, tA(D2f )= ,(tAf ). (2.27)
Proposition 2.10. (i) For all m ∈ N, we have
R(,)m (cos(2 .))= tAEi(cos ((2m+ ) .)). (2.28)





tAf ()g()A,() d. (2.29)
Theorem 2.11. The Abel transformsA and A and their duals satisfy the following relations:
tA=tA ◦ E−1i , (2.30)
A=tE−1i ◦A. (2.31)
2.4. Eigenfunctions of the operator ,
Theorem 2.12. The differential-difference equation{
,u()=−i
nu(), n ∈ Z
u(0)= 1, (2.32)











[R(,)|n| (cos(2))] if n ∈ Z\{0}






√|n|(|n| + ). (2.34)
Proof. The same proof as for [9] Theorem 1.3 gives the result. 
Remark. The function 	(,)n is a trigonometric polynomial of degree |n| called the Jacobi–Dunkl poly-
nomial.
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whereK is the kernel given by relation (2.19).
Proof. We use the same proof as for [1] Theorem 3.2. 
Remark. For all  ∈] − 2 , 2 [\{0} and ||< ||, we have
K(−,−)=K(,). (2.37)
Proposition 2.14.
(i) For all  ∈] − 2 , 2 [\{0} we have∫ /2
−/2
K(,) d= 1. (2.38)
(ii) For all n ∈ Z and  ∈] − 4 , 4 [ we have
	(,)2n ()= 	(,−1/2)n (2). (2.39)
(iii) For all n ∈ Z and  ∈] − 2 , 2 [ we have
|	(,)n ()|1. (2.40)




p ()A,() d= (h(,)n )−1np, (2.41)
where h(,)n =
(∫ /2
−/2 |	(,)n ()|2A,() d
)−1 : h(,)0 = (+1)22(+1)(+1) and
∀n ∈ Z\{0}, h(,)n =
(2|n| + )(|n| + + 1)(|n| + )
22+1((+ 1))2(|n| + 1)(|n| + + 1) . (2.42)
Proof. (i) We obtain (2.38) from (2.35) by taking n= 0 and using the fact that 	(,)0 ()= 1.
(ii) We can use [11, p. 59] to get









2|n| (cos(2))= R(,−1/2)|n| (cos(4)).
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Then we obtain (2.39) from (2.33) and the equality 
(,)2n = 2
(,−1/2)n .
(iii) For n= 0 or = 0, the result is clear.




















































If n, p ∈ Z\{0}, the relations (see [11, p. 63, 68])
d
d












2−1((+ 1))2(|n| + 1)(|n| + + 1)
(2|n| + )(|n| + + 1)(|n| + ) |n||p|
and
A+1,+1()= 4(sin(2))2A,() (2.44)
give the result (see also [10, Theorem 1.a]). 
Remarks. (1) Let k(,)m = (
∫ /2





























, n ∈ N.
84 F. Chouchene / Journal of Computational and Applied Mathematics 178 (2005) 75–89
2.5. Expressions of the kernel K(,)
Proposition 2.15. For all  ∈] − 2 , 2 [\{0} and ||< ||, we have
(i) If > >− 12
K(,)= 2
−2+1/2(+ 1)√





sin t (sin  cos + sin  cos t)(cos (2t)− cos (2))−1/2







































































Proof. We get the result from (2.36) and Proposition 2.5. 
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3. The Jacobi–Dunkl transform
Notations. We denote by
• D(] − 2 , 2 [) the space of C∞-functions on ] − 2 , 2 [ with compact support.
L
p























, p = 1, 2 and hn = h(,)n is given by (2.42).
H/2(C), the space of entire functions on C, rapidly decreasing of exponential type 2 , that is, g ∈








The topology of this space is given by the semi-normsQq, q ∈ N.
Deﬁnition 3.1. The Jacobi–Dunkl transform of a function f in L1,(] − 2 , 2 [) is deﬁned by
∀n ∈ Z, Ff (n)=
∫ /2
−/2
f ()	(,)n ()A,() d. (3.1)
Remark. From Proposition 2.14 (iii) we have
∀n ∈ Z, |Ff (n)|‖f ‖1,,. (3.2)
Proposition 3.2.
(i) For all f ∈ L1,(] − 2 , 2 [) we have
Ff (0)= 2F,(fe)(0). (3.3)
(ii) For all f ∈ L1,(] − 2 , 2 [) and n ∈ Z\{0} we have






(|n| − 1). (3.4)
(iii) For all f ∈ D(] − 2 , 2 [) and n ∈ Z we have
Ff (n)= 2F,(fe)(|n|)+ 2i
nF,(Jf o)(|n|), (3.5)
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where fe (resp. fo) is the even (resp. odd) part of f, 
n is given by (2.34), F, is the Jacobi
transform deﬁned on L1,([0, 2 [) by
∀m ∈ N, F,(g)(m)=
∫ /2
0
g()R(,)m (cos(2))A,() d (3.6)












f () d. (3.7)
Proof. (i) It is clear.
(ii) We get the result from (2.43) and (2.44).
(iii) Let f = fe + fo ∈ D(] − 2 , 2 [). If n= 0, (i) gives the result.





















=−F,(,(Jf o))(n).Wededuce the result from the fact that
F,(,(Jf o))(n)=−
2nF,(Jf o)(n). 












Ff (n)	(,)n ()hn. (3.8)
Proof. Let f = fe + fo and  ∈
]−2 , 2 [. Since f ∈ L1,(] − 2 , 2 [) then fe ∈ L1,([0, 2 [) and
fo/[sin(2 .)] ∈ L1+1,+1([0, 2 [). Relations (3.3), (2.45), (3.4), (2.33), (2.43) and R(,)0 = 1(see [11, p. 71]) give the following equality
+∞∑
n=−∞
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Using the relations
∀m ∈ N, k(,)m+1 =
16(+ 1)2






















(see [4, p. 114] and [5, pp. 117–118]) we get the result. 





Proof. Let f = fe + fo. From relations (3.3), (2.45), (3.4) and R(,)0 = 1 we get
+∞∑
n=−∞














By (2.34) and (3.9) we obtain
+∞∑
n=−∞













The Parseval’s relation corresponding toF, (see [6, p. 190]) gives
+∞∑
n=−∞


















A+1,+1() d= ‖f ‖22,,.
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Corollary 3.5. For all f ∈ L2,(] − 2 , 2 [) we have
Ff (n)= o(|n|−(+1/2)), n→∞ and lim
n→±∞Ff (n)= 0. (3.11)
Proof. The convergence of
∑




Then we get the result. 
Theorem 3.6 (Paley–Wiener theorem). The Jacobi–Dunkl transform F is bijective from D(] − 2 , 2 [)
onto {(xn)n∈Z : Z→ C | xn = g(
n), g ∈ H/2(C)}, where 
n is given by (2.34).
Proof. We use the fact that F, is bijective from D∗(] − 2 , 2 [) onto {(xm)m∈N : N → C | xm =
g(
m), g ∈ H/2(C), g is even}. Iff=fe+fo ∈ D(]− 2 , 2 [) thenF,(fe)(m)=g1(
(,)m ), F+1,+1
(fo/[sin(2 .)])(m) = g2(





(,)m+1)2−4(+1))1/2, m ∈ N, we deduce thatFf (n)=g(
n), n ∈ Z,
where
g(z)= 2g1(z)− i8(+ 1)zg2((z
2 − 4(+ 1))1/2)
belongs to H/2(C).
Let
g = ge + go ∈ H/2(C)







Using relation (3.5) we get g(
n)=Ff (n), where f = 12f1 − i2f ′2 belongs to D(] − 2 , 2 [). 
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